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Multiple Reflection Expansion (MRE) formalism has been introduced to the hadron resonance
gas model to study the finite-size effect on the chemical freeze-out of equilibrated hadron gas,
likely to be produced in high-multiplicity events of pp, pA and AA collisions at LHC and RHIC.
The degree of equilibration at the freeze-out for different colliding systems has been compared,
in terms of thermodynamic variables, by contrasting ideal equilibrium conditions provided by
first-principle LQCD calculations. In contrast to AA collisions, the freeze-out condition in the
high-multiplicity pp and pA events remain away from the ideal thermodynamic limit, indicating
incomplete equilibration. Quantitative comparison in terms of Knudsen number confirms the finding.
I. INTRODUCTION
Quark-gluon plasma (QGP) [1, 2], the thermalized
partonic phase of strongly interacting matter that is
governed by the quantum chromodynamics (QCD),
is formed in the laboratory in relativistic collisions of
heavy-ions (AA), like AuAu at center-of-mass energy,√
sNN = 130 & 200 GeV [3–6] at the Relativistic
Heavy-ion Collider (RHIC) and PbPb at
√
sNN =
2.76 & 5.02 TeV [7–9] at the Large Hadron Collider
(LHC). The
√
sNN of collisions at RHIC and LHC
correspond to small or vanishing baryon chemical
potential (µB) at high temperature (T ) in the QCD
phase diagram. Theoretically, the first-principle
Lattice QCD (LQCD) thermodynamic calculations
at vanishing µB predict crossover [10, 11] between
the partonic and the hadronic QCD-phases. The
present understanding on particle production in ultra-
relativistic AA collisions in the vanishing µB region,
developed through explanation of data by several
models with the endorsement of LQCD calculations,
visualize formation of a fireball of de-confined partons
due to high initial energy-density imparted by the
colliding ions. Collisions among de-confined partons,
in the initial stage, give rise to a system of expanding
partonic medium in local thermal equilibrium, the
QGP, that eventually undergoes a phase crossover
- confining partons within hadrons. The hadronic
phase, in thermal and chemical equilibrium, reaches
chemical freeze-out when inelastic collisions among the
hadrons cease, freezing the abundances of final-state
hadrons. Subsequently, the elastic collisions also are
stopped and the kinetic freeze out occurs, fixing the
momenta of the hadrons. The hadron resonance
gas (HRG) model [12], by matching the measured
final-state hadron-yields, helps in finding the chemical
freeze-out parameters, the baryon chemical potential
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(µchB ), the temperature (T
ch) and the volume (V ch) of
the equilibrated hadron gas, considered to have formed
in the AA collisions. The model also reproduces
[13–15] many LQCD calculations on thermodynamic
properties of the hadronic phase in the vanishing µB
region. The topical HRG models do not take into
account the effect of finite-size of the system of hadron
gas, while matching different AA combinations of
collisions at varied
√
sNN resulting different chemical
freeze out parameters, including V ch. Considering
the effect of finite system-size intutively becomes
even more important when the chemical freeze-out
of thermalized hadron gas is studied [16] for widely
varied system-sizes, corresponding to pp, pA and AA
collisions, following the recent observations of collective
property of particle production in high-multiplicity
pp [17, 18] and pA events [19–21] at LHC and RHIC.
Taking into account the system-size effect, we assess
the degree of equilibration of hadronic phase in high-
multiplicity pp, pA and AA collisions with reference
to the LQCD calculations on thermodynamic variables.
II. YIELDS IN HADRON RESONANCE GAS
MODEL
The yields of hadrons in relativistic heavy-ion colli-
sions are calculated in HRG model, considering a grand
canonical ensebmle of hadrons and resonances. In
contrast, small yields from a small system necessitiated
consideration of a canonical ensemble for calculation
of yields in thermal model for pp collisions at the
pre-LHC energies. In this study on high-multiplicity
events of pp, pA collisions at the LHC energies and
AA collisions at RHIC and LHC energies, we consider
grand canonical ensemble, in line with the recent study
[16] that described the hadronic yields in the HRG
model for all the three systems at the LHC. Further,
as this data driven study deals with only the data
sample of highest available multiplicity class of events
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2in pp and pA collision systems at a given LHC energy,
following the revelation in the study at ref. [16], we
consider the strangeness saturation factor, γs to be
unity.
The grand canonical partition function for the
hadron resonance gas can be written [13] as:
lnZ id =
∑
i
±V gi
2pi2
∫ ∞
0
p2dp ln {1± exp[(µi − Ei)/T ]}
(1)
where gi is the degeneracy factor for i
th hadron species,
Ei =
√
p2 +m2i and µi = BiµB+Siµs+QiµQ, with the
symbols carrying their usual meaning. The (±) sign
corresponds to fermions and bosons, respectively. The
pressure P (T, µ), the energy density (T, µ) and the
number density n(T, µ), obtained from the partition
function of all the hadrons, including resonances, and
incorporating finite width of the resonances following
Breit-Wigner (BW) distribution, are given [22, 23] by:
P (T, µ) = ± T
2pi2
∑
i
gi
∫ mi+2Γi
mmini
ρBWi (m)dm∫ ∞
0
p2dp ln(1± exp[(µi − Ei)/T ]) (2)
(T, µ) =
1
2pi2
∑
i
gi
∫ mi+2Γi
mmini
ρBWi (m)dm∫ ∞
0
p2dp
exp[(Ei − µi)/T ]± 1Ei (3)
n(T, µ) =
1
2pi2
∑
i
gi
∫ mi+2Γi
mmini
ρBWi (m)dm∫ ∞
0
p2dp
exp[(Ei − µi)/T ]± 1 (4)
Here, ρBWi (m), the Breit-Wigner distribution of i
th
hadron, is given by :
ρBWi (m) = Ai(
2mmiΓi
(m2 −m2i )2 +m2iΓ2i
) (5)
where Ai is the normalization constant obtained
from
∫mi+2Γi
mmini
ρBWi dm = 1, Γi is the i
th resonance
width, mmini = max(mi−2Γi,mthri ) and mthri represent
minimum threshold mass of decay for the ith resonance.
The repulsive interaction among hadrons and reso-
nances is taken care by Excluded Volume (EV) method
[24] that modifies pressure and chemical potential as:
PEV (T, µ1, µ2, ...) =
∑
Pi(T, µ¯1, µ¯2, ...) (6)
where µ¯i = µi − vEVi PEV (µ1, µ2, ..) and vEVi = 163 pir3i
is excluded volume of the ith hadron with hard core
radius of ri. So, the HRG, incorporated with the EV
effect (HRGEV), gives the initial or the primordial yield
of ith hadron at the chemical freeze-out as:
Nprimi =
V ni(T, µ¯i)
1 +
∑
k v
EV
k nk(T, µ¯k)
(7)
The measured total yield of ith hadron, containing
the primordial yield and the decay feed down from
heavier resonances, is given by:
N totali = N
prim
i +
∑
j
BRj→iNj (8)
where BRj→i is the branching ratio of the decay
channel from the jth hadron.
Conventionally, the abundances of hadron species
are obtained from equation-8 and fit to the measured
yields with µB , V and T of the hadron gas system
as free parameters to find out these parameters (µchB ,
V ch and T ch) at the chemical freeze-out. The µs
and µQ are extracted from the constraint equations
nS(T, µ) = 0, for the strangeness neutrality condition
and nQ(T, µ)/nB(T, µ) =(Q/B), the ratio of net baryon
to net charge of the colliding system [25].
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FIG. 1: The chemical freeze-out parameters in (T, µB)-
plane obtained by matching measured hadron yields from
relativistic pp, pA and AA collisions at varied
√
sNN with
HRG model calculations including i) EV effect, ii) EV and
MRE effects.
III. EFFECT OF FINITE SYSTEM SIZE
In previous studies [26–28], finite size of HRG was
implemented by cutting off the low momentum (in-
frared) regions in the integral over momentum space.
In this study, we use Multiple Reflection Expansion
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FIG. 2: Pressure and energy density at temperature at chemical freeze-out of the hadron gas corresponding to pp, pA and
AA collisions are compared with LQCD results (the bands represent the range of uncertainty) on temperature dependence
of the variables in panels (a) and (b), respectively. Corresponding number densities and the Knudsen numbers are given in
panels (c) and (d), respectively.
(MRE) formalism [29–31] to implement definite surface
that bounds a finite volume of HRG system in grand
canonical ensemble, for consideration of the effects
due to the surface and its curvature on the density of
states of the finite volume. The MRE formalism was
first applied to problems in relativistic quantum field
theory by Balian and Bloch [29] to study the density
of states in a cavity, whose boundary can be visualized
with reflections from the surface. The finite-size effect
in terms of MRE has been studied [32, 33] for the
partonic phase of strongly interacting matter, where
the system has been found to be sensitive to the
effect, specially for radii below 10 fm and around
the crossover temperature. Also, similar formalism
was applied [34] as correction due to finite size while
matching thermal model calculations with hadron
abundances in AA collisions at SPS-CERN.
The modified grand canonical partition function for
the MRE-included HRG model can be written as:
lnZidmre =
∑
i
±V gi
2pi2
∫ ∞
λIR
p2dpρi,mre
ln {1± exp[(µi − Ei)/T ]} (9)
The ρi,mre(p,mi, R) gives the density of states, as a
function of mass and momentum, modified due to the
effect of finite spherical volume of radius R.
ρi,mre(p,mi, R) = 1+
6pi2
pR
fi,S(mi, p)+
12pi2
(pR)2
fi,C(mi, p)
(10)
where the surface contribution is:
fi,S(mi, p) = − 1
8pi
(1− 2
pi
arctan
p
mi
) (11)
and the curvature contribution is given by Madsen’s
ansatz [30]
fi,C(mi, p) =
1
12pi2
[1− 3p
2mi
(
pi
2
− arctan p
mi
)] (12)
For infinite system-size, ρi,mre(p,mi, R) becomes unity.
The IR cut-off λIR (in equation 9) corresponds to the
largest solution of momentum obtained from equation
ρi,mre(p,mi, R) = 0 for a given R and mi. It may
be noted that in references [26], [27] and [28], the
finite size or the finite volume effect was incorporated
by introducing a lower momentum cutoff λ which
depends on system size R only. The MRE formalism,
on the other hand, allows a lower momentum cutoff
λIR which depends on the mass, also. Thus, for higher
masses, the available phase space gets more restricted.
IV. RESULTS AND DISCUSSION
Considering the mass table of the PDG in Ref. [35]
for the thermal model analysis and for calculating
the decay branching ratios, we obtain the chemical
freeze-out parameters for high-multiplicity pp [36, 37],
pA [38] and AA [39–41] collisions at varied
√
sNN
4with HRG model calculations including i) EV effect
(the detail of the optimization of the EV effect can be
found in reference - [27]) and ii) EV + MRE effects.
The results in the (T, µB)-plane have been presented
in figure 1. It is important to note that different sets of
hadron-species from the same experiment, while fitting
the thermal model calculations, result in different
sets of chemical freeze-out parameters [42]. To be
precise, depending on the mass, different particles
can freezeout at different temperature. In studies,
addressing gross features, however, usually an average
freezeout temperature for all the hadron species are
obtained. As the focus of this study is on the effect
of finite system size on thermodynamic equilibrium
of hadron gas at the chemical freeze-out in terms of
thermodynamic variables, we extract the freeze-out
parameters by matching the most abundant hadrons,
pi±, K±, p(p¯).
We calculate pressure and energy density for the
considered finite-size HRG systems at the respective
chemical freeze-out temperature, with and without
the system-size effect, to compare the degree of equi-
libration in these systems with reference to the ideal
thermodynamic limit of the temperature dependence
of thermodynamic variables for hadron gas, provided
by the first-principle LQCD [43] calculations at µB =
0. As can be seen in figure 2-(a) and (b) the pressure
and energy density at the chemical freeze-out of hadron
gas of finite size corresponding to high-multiplicity
events of pp and pPb collisions at the LHC energies do
not reach the respective values for the ideal thermody-
namic equilibrium condition, provided by the LQCD
calculations. For a quantitative comparison of the
degree of equilibration at the chemical freeze-out for
different finite-size hadron gas representing the consid-
ered collision systems, we calculate the dimensionless
Knudsen number, Knch = λ/Rch, while the mean free
path, λch = 1/(nchσ). As pions are the most abundant
constituent in a hadron gas, we consider the temper-
ature dependent pion-pion cross-section, σ [44] and
calculate nch, λ
ch and finally the Knch. The number
densities and the Knudsen numbers of corresponding
systems at the chemical freeze-out temperature are
plotted in figure 2-(c) and (d), respectively.
The plots in figure 2-(a) and (b) show that according
to the conventional HRG model formalism (without
finite system-size effect), complete thermodynamic
equilibrium is reached in hadron gas at the chemical
freeze-out for all the considered high-multiplicity event
classes of pp, pA and AA systems, in agreement with
the conclusion in reference [16]. The implementation
of finite system-size, however, reveals that the pp and
pA systems of the highest available multiplicity remain
away from the complete equilibration conditions,
provided by the LQCD calculations. The appreciable
effect of MRE on small systems of hadron gas is
consitent with the observation from the study [33] of
similar effect on the partonic medium of radii below
10 fm and around the crossover temperature. The
incomplete equilibration in the small systems is further
confirmed in panel (d) of figure 2, in terms of Knudsen
number. While the values of the Knudsen number of
finite-size hadron gas corresponding to the chemical
freeze-out in central AA collisions reach close to zero
(Kn< 0.13), that for the available high-multiplicity
events of pp (at
√
s =13 TeV) and pA collisions
remain at Kn ∼ 0.44 and Kn ∼ 0.39, respectively.
Considering similar system-dependent trend of the
calculated values of the Knudsen number and of the
measured [18] elliptic flow component of the produced
charged particles from pp, pPb and PbPb collisions at
the LHC, the observed collective properties of particle
production in high-multiplicity pp and pPb events can
be attributed to the incomplete equlibration at the
freeze-out.
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